We set out a general protocol for steering the state of a quantum system from an arbitrary initial state towards a chosen target state by coupling it to auxiliary quantum degrees of freedom. The protocol requires multiple repetitions of an elementary step: during each step the system evolves for a fixed time while coupled to auxiliary degrees of freedom (which we term 'detector qubits') that have been prepared in a specified initial state. The detectors are discarded at the end of the step, or equivalently, their state is determined by a projective measurement with an unbiased average over all outcomes. The steering harnesses back-action of the detector qubits on the system, arising from entanglement generated during the coupled evolution. We establish principles for the design of the system-detector coupling that ensure steering of a desired form. We illustrate our general ideas using both few-body examples (including a pair of spins-1/2 steered to the singlet state) and a many-body example (a spin-1 chain steered to the Affleck-Kennedy-Lieb-Tasaki state). We study the continuous time limit in our approach and discuss similarities to (and differences from) drive-and-dissipation protocols for quantum state engineering. Our protocols are amenable to implementations using present-day technology. Obvious extensions of our analysis include engineering of other many-body phases in one and higher spatial dimensions, adiabatic manipulations of the target states, and the incorporation of active error correction steps.
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I. INTRODUCTION
There are many circumstances in which one would like to initialise a many-body quantum system in a specified state: examples of current interest range from quantum information processing to studies of non-equilibrium dynamics. Two standard approaches for preparing quantum states are suggested by the laws of quantum mechanics and statistical mechanics. One of these is to make projective measurements of a set of observables represented by commuting operators that fully specify the target state. Alternatively, if the target state is the ground state of the Hamiltonian for the system, it can be reached by putting the system in thermal contact with a heat bath that is at a sufficiently low temperature. Both approaches have disadvantages, especially for a system with a large number of degrees of freedom: in the first approach, a general initial state is not an eigenstate of the measurement operator and hence the measurement arXiv:1912.04292v1 [cond-mat.stat-mech] 9 Dec 2019 outcome is probabilistic. The probability that the target state is reached decreases rapidly towards zero with increasing system size. With the second approach, the temperature scale required to completely eliminate thermal excitations from a system also decreases towards zero with size. In principle, if the initial state of the system is precisely known, a further possibility is to act on the state with an appropriately chosen perturbation for a precise interval of time, so that it evolves into the target state; this, however, requires extreme fine-tuning in a large system.
Our aim in the following is to establish a class of protocols for quantum state preparation that improve on both projective measurement and thermal contact with a heat bath. A protocol of the type we describe will, in an ideal implementation, steer a system from an arbitrary initial state to the target state, with guaranteed success. It does so by coupling the quantum system of interest to external detector qubits (auxiliary quantum degrees of freedom) that have been prepared in specified initial states, then evolving the coupled system under standard unitary quantum dynamics for a fixed time interval, and finally decoupling and discarding the detector qubits. Multiple repetitions of this process using freshly prepared detector qubits on each occasion, coupled to the system with a suitable interaction Hamiltonian, produce the outcome we require. In this paper we illustrate our general approach both for small systems consisting of one or two spin-1/2 degrees of freedom and for a macroscopic many-body system. This protocol and possible generalisations have the fundamental concepts of quantum entanglement and quantum measurements as essential ingredients, and possess conceptual links to the theory of open quantum systems. First, the effect of a coupling between the system and detector qubits is to generate entanglement between their states. Second, focussing on the behaviour of the system after discarding the detector qubits, this entanglement induces steering of its quantum state, of a kind first discussed by Schrödinger in the context of the Einstein-Podolsky-Rosen (EPR) paradox [1, 2] . A physical setting for the decoupling and discarding of the detectors is that of performing strong measurements on these qubits, and then taking an unbiased average over the outcomes. Indeed, Schrödinger's original formulation of steering [3] was in terms of a sophisticated experimenter performing suitable measurements on one of the parts of a bi-partite system to drive the other part to a state, chosen by the experimenter, with non-zero probability. More recently, the scope of the term quantum steering has been narrowed to the impossibility of local hidden state models describing the ensemble of states that a system can take upon measurement of another system entangled with it [4] [5] [6] . We however continue to use the term in its broader sense.
To set out in more detail the links between our protocol for preparing or steering a quantum state and discussions of quantum measurement, it is useful to recall the distinc-tion between strong or projective measurements and the notion of weak quantum measurements [7] [8] [9] [10] [11] [12] [13] . The former destroy the coherent quantum dynamics of the system. By contrast, under the latter, auxiliary degrees of freedom are coupled weakly to the system and projective measurements are performed on these detector qubits after decoupling them from the system. No matter how weak the coupling, a measurement of this kind unavoidably impacts the system through its back-action, even after the detector qubits are decoupled from the system. Instead of viewing the measurement-induced disturbance on the system's state as a handicap, it may be considered a resource for quantum control and manipulation. The back-action of measuring the state of detectors entangled with the system can be harnessed to control the system's evolution and steer its state towards a desired target state: this constitutes the central message of our work. In principle, one could make use of the measurement outcomes to determine whether the state of the system has been successfully steered in a realisation of the experiment, and discard it if this is not the case. In the simplest version of such postselected protocols, the probability of success then goes down exponentially with the length of the outcome sequence or the number of detectors. This suppression is also likely to be exponentially strong in system size for a many-body system. To avoid such suppression, our aim is to establish protocols within a setting where the outcomes are averaged over in an unbiased fashion, and hence there is no loss of probability. We refer to processes of this type as blind measurements.
The concept of weak measurements allows for the notion of continuous measurements [14, 15] . The latter can be viewed as a discrete sequence of weak measurements in the limit of vanishing time-interval for each weak measurement. This results in a sequence of measurement outcomes defining a quantum trajectory. The equation for the density matrix of the system averaged over the trajectories is governed by a Lindblad equation. In our case the steering protocol consists of a discrete sequence of measurements on detector qubits not necessarily coupled weakly to the system. A suitably defined time-continuum limit maps the dynamics of the density matrix of the system to a Lindblad equation. For part of the analysis in our work, we exploit this formal connection between our steering protocol and Lindblad dynamics to gain insight into the steady state and the rate of approach to it.
The emergence of Lindblad dynamics suggests a comparison of our protocol with proposals for preparing non-trivial many-body states in open quantum systems, where the dissipative environment is posited to be Markovian and is treated within the framework of Lindblad dynamics [16] [17] [18] [19] [20] [21] [22] . The challenge in that context is to find suitable Lindblad jump operators that can be cast in terms of physical systems participating in the dynamical process. Our measurement-induced steering protocol has some technical similarities with this framework, as well as conceptual distinctions from it. With regard to the former, if the detector qubits we discuss are viewed as an environment, this environment is Markovian by construction, since the detector qubits are prepared afresh at the start of every cycle. Hence, the map governing the evolution of the density matrix of the system has a representation in terms of Kraus operators, which ultimately leads to a Lindblad equation in the time-continuum limit [23, 24] . An obvious advantage of our protocol is that the jump operators in the emergent Lindblad equation are uniquely and automatically fixed by the details of the system-detector coupling Hamiltonian, thus facilitating "on-demand" engineering of Lindbladians. On the other hand, since our protocol is fundamentally a microscopic measurement protocol, certain requirements can easily be relaxed to go far beyond what is describable within the standard Lindblad framework. Notably, unlike an environment that simply gets entangled with the system, a detector qubit can be read out, yielding information on the system state which could be further used to accelerate convergence to the desired state. Obvious examples include the use of measurement outcomes to implement active error correction and enhance the blind measurement protocols.
Structure of the paper
The rest of the paper is structured as follows. We start with an overview in Sec. II, where we introduce the basic ingredients of the steering protocol and state the main results of the work. Section III presents the details of the steering protocol. The guiding principle for designing the protocol is introduced and derived in Sec. III A, followed by the derivation of the effective Lindblad dynamics in Sec. III B. The workings and advantage of the approach is exemplified via the simple case of a spin-1/2 pair steered towards their singlet state in Sec. III C. We then turn to a many-body quantum system, a spin-1 chain -which we steer to the Affleck-Kennedy-Lieb-Tasaki (AKLT) ground state [25, 26] in Sec. IV. As a building block of the protocol, the steering of a spin-1 pair is discussed in Sec. IV A, followed by the numerical treatment of the spin-1 chain in Sec. IV B. We close with discussions of possible experimental implementations of the protocol and future directions in Sec. V.
II. OVERVIEW
The central result of this work is a general formalism for measurement-induced steering of a many-body quantum system towards a non-trivial target state, by repeatedly coupling and decoupling a set of auxiliary degrees of freedom interspersed with unitary dynamics of the composite system. The protocol makes use of the entanglement generated between the system and the auxiliary degrees of freedom to steer the state. The auxiliary degrees of freedom are simple quantum systems with small Hilbert-space dimensions such that they are easy to pre-pare in a desired initial state; in this work we consider a set of decoupled detector qubits (spins-1/2) initially polarised along a given direction.
A. Steering protocol
The steering protocol can be described as a sequence of discrete steering events each of which consists of the following steps:
The detector qubits are prepared in a initial given state, which does not depend on the state of the system. We denote the initial state of the detector qubits as |Φ d and the density matrix corresponding to this initial state as ρ d .
The system is then coupled to the detector qubits and the composite system evolves unitarily under a Hamiltonian for some time. Denoting the density matrix of the system at time t as ρ s (t) and the system-detector Hamiltonian as H s-d , the state of the system-detector composite after evolution for an interval δt is given by
The detector qubits are then decoupled from the system. Formally we may trace out the detector degrees of freedom to obtain the density matrix of the system at time t + δt ρ s (t + δt) = Tr d ρ s-d (t + δt).
Equations (1) and (2) describe the discrete timeevolution map for the density matrix of the system under the steering dynamics.
The detector qubits are re-prepared in their initial states and the above steps are repeated.
B. Steering inequalities
As we would like the system to get steered towards the target state, denoted by |Ψ s⊕ (with corresponding density matrix ρ s⊕ ), the dynamics induced by H s-d should satisfy the steering inequality
with the inequality becoming an equality only if ρ s (t) = ρ s⊕ . Note that this inequality is very strong. When it is satisfied, it ensures that the system is steered to the target state irrespective of its initial state. In principle, one could envisage weaker steering inequalities. One example is lim t→∞ Ψ s⊕ |ρ s (t)|Ψ s⊕ = 1 (4) and a still weaker one is
We present in Sec. III A a general strategy for designing system-detector couplings so that the strongest of these forms, (3), holds.
C. Guiding principle for choice of system-detector coupling Hamiltonian
With the protocol fixed, it remains to find a guiding principle for the choice of the Hamiltonian that governs the evolution of the system-detectors composite. As a first step, consider summing both side of (3) over ρ s (t) representing all possible pure states. If (3) is obeyed, then W ≡ e −iH s-d δt must satisfy
In the special case where the Hilbert spaces of the system (H s ) and the detector (H d ) have the same dimension, we see from this that for the inequality to be as strong as possible, W should be the swap operator between these two spaces and ρ d should be the image of ρ s⊕ under this swap. More generally, a Hamiltonian which contains direct products of operators O (n) d in the detectors' subspace H d that rotate the detectors from their initial state to an orthogonal subspace and operators U (n) s in the system's subspace H s that rotate the system to the target state manifold from an orthogonal subspace, will steer the system towards the target state. Such a Hamiltonian has the form
where n labels the detector qubit. Since O (n) d connects the state |Φ d to its orthogonal subspace, it satisfies Φ d |O (n) d |Φ d = 0. Additionally, we assert the following properties for the system operators: As a simple example consider a single spin-1/2 which we wish to steer to the fully polarised state along the z-direction, so that |Ψ s⊕ = |↑ s . The subspace orthogonal to |Ψ s⊕ has only a single state:
Hence, a single detector qubit is sufficient to steer the state. Without loss of generality, let us choose it to be initialised as |Φ d = |↑ d . Naturally, we also have O d |Φ d = |↓ d . Following Eq. (7), the system-detector coupling Hamiltonian can then be written as
where σ ± s(d) denote the Pauli raising and lowering operators for the system and detector qubits.
At time t, the state of the system can be generally written as ρ s (t) = (I 2 +s(t)·σ s )/2 where s(t) is a classical three-component vector. The state of the system spin- 
The above equation explicitly shows that lim t→∞ s(t) = (0, 0, 1),
irrespective of the initial conditions and that the limit is approached exponentially in time. This example illustrates how a system-detector coupling Hamiltonian of the form in Eq. (7) leads to the satisfaction of the desired steering inequality, Eq. (3), for generic initial states of the system. This guarantees successful steering to the target state from arbitrary initial states. In turn, the example shows how weak measurements can produce control and manipulation that projective measurements cannot [27] .
We remark that although in the above example the target state of the system qubit is the same as the initial state of the detector qubit, there is nothing special about this choice: see Appendix A.
E. Many-body states and multiple detectors
In the context of many-body systems, the subspace orthogonal to the target is exponentially large in the system size. Hence it may appear that the system-detector coupling Hamiltonian of the form in Eq. (7) entails an exponentially large number of detectors, or non-local systemdetector coupling Hamiltonians, or both. For implementation of the protocol to be feasible, we would like to have at most an extensive number of detectors, with couplings that are local. Although these constraints appear rather restrictive, they can be satisfied for versions of our protocol that allow steering to a large class of strongly correlated quantum states which are eigenstates of unfrustrated local projector Hamiltonians. One can steer to such states by locally steering different parts of the system to the appropriate eigenstate of the corresponding local projector part of the Hamiltonian. Since the effective Hilbert dimension of a local part of the system is finite, one can steer locally with a finite number of detectors, and hence the total number of detectors required scales linearly with system size, and not exponentially. Moreover, the couplings are manifestly local.
The particular example we consider in detail is the Affleck-Kennedy-Lieb-Tasaki (AKLT) state of a onedimensional spin-1 chain [25, 26] . The AKLT state is a valence bond state such that on each bond between two neighbouring spins-1, there is no projection on the total spin-2 sector. Thus one can steer the spin-1 chain by locally steering each bond out of the total spin-2 sector, and the uniqueness of the ground state of the AKLT chain (with periodic boundary conditions) guarantees steering to the AKLT state. Steering each bond requires only a finite number of detectors due to the finite dimension of the total spin-2 subspace for a pair of spins-1 and hence the total number of detectors needed to steer a chain is only extensive in system size.
Further examples of states which satisfy the above criteria include matrix product states, projected pair entangled states, the Laughlin state of a fractional quantum Hall system [28] , the ground state of Kitaev's toric code [29] , and of recent interest, fermionic symmetryprotected topologically ordered eigenstates of full commuting projector Hamiltonians [30, 31] .
An obvious potential concern arises when our protocol is used to steer many-body systems to eigenstates of local projector Hamiltonians, because in the cases of interest a given quantum degree of freedom appears in more than one projector. In such a scenario it is not guaranteed that two system operators U (n) s and U (m) s acting on such a shared degree of freedom, while steering their corresponding parts of the system locally, satisfy the conditions listed at the end of Sec. II C. Steering towards the target space of one projector may therefore undo, at least partially, the effect of steering to the target space of a different projector with which the degree of freedom in question is shared. Despite these complications, our approach enables us to select zero-energy eigenstates of local projector Hamiltonians as target states and unique stationary states of our dynamics. We illustrate this numerically for the AKLT chain, showing steering to the ground state with guaranteed success from arbitrary initial states.
F. Steady states and rate of approach
Equations (1) and (2) show that the time-evolution of the density matrix of the system is governed by a linear map. On general grounds, the largest eigenvalue magnitude for this map is unity. If the associated eigenvector is unique, this ensures that there exists a unique steady state. The logarithm of the next eigenvalue then encodes the rate of approach in time to this steady state. Ideally, we would like the rate to be finite in the thermodynamic limit so that the time-scale required to steer the manybody state arbitrarily close to the target state does not diverge with system size.
In the context of the AKLT state, we find that the magnitude of these eigenvalues is most conveniently studied in the time-continuum limit (δt → 0) of the map in Eq. (2) where an effective Lindblad equation emerges for the equation of motion of ρ s with the jump operators being fixed by the system-detectors coupling Hamiltonian H s-d . Unit eigenvalue for the discrete map corresponds to zero eigenvalue for the Lindbladian operator. If the corresponding Lindbladian eigenvector is unique, it is the stationary state of the steering protocol. Successful steering implies that the steady state of the Lindbladian is the target state. Moreover, the gap in the spectrum of the Lindbladian between the zero eigenvalue and the rest of the eigenvalues determines the rate of the of approach of the system to the target state. In the case of the AKLT state, analysis of the size-dependence of the numerically obtained gap in the effective Lindbladian's spectrum indicates that it stays finite in the thermodynamic limit.
III. FORMALISM OF QUANTUM STATE STEERING
In this section, we describe the quantum steering protocol in detail. We show explicitly that a system detector coupling Hamiltonian of the form given in Eq. (7) leads to dynamics that satisfy the steering inequality, Eq. (3), on rather general grounds. Additionally, we make the connection to an effective Lindblad equation that describes the time-continuum limit of the steering map, Eq. (2).
A. General derivation of steering inequality from discrete-time map
Let us discuss in some generality the map governing the discrete time evolution of the system density matrix, Eq. (2), with the system-detector coupling Hamiltonian H s-d of Eq. (7) . We will first show that ρ s = ρ s⊕ = |Ψ s⊕ Ψ s⊕ | is indeed a stationary state of the map and then show that the system is progressively steered towards the ρ s⊕ after each steering event.
That ρ s⊕ is a stationary state of the map is easily shown by noting that with H s-d from Eq. (7), H s-d · (ρ d ⊗ ρ s⊕ ) = 0, which naturally implies
Upon taking the trace over the detectors, one recovers that Tr d [e −iH s-d δt ρ d ⊗ ρ s⊕ e iH s-d δt ] = ρ s⊕ and hence ρ s⊕ is a stationary state of the map.
We next show that the system is steered towards the target state at every discrete steering event. For brevity, we show here the derivation with a single detector qubit and state the results for multiple detector qubits. Details of the derivation for the latter are presented in Appendix. B.
To proceed, we find it most convenient to partition the composite Hilbert space of the detectors and the system,
Additionally, the system-detector coupling Hamiltonian, Eq. (7) takes the form
The unitary time-evolution operator generated by the system-detector coupling Hamiltonian is
(14) Following the steering map of Eq. (2), applying the above unitary matrix to the density matrix of Eq. (12) and taking the trace of the detector, one obtains the time evolved density matrix of the system as
Using U s |Ψ s⊕ =0 and U s U † s |Ψ s⊕ = |Ψ s⊕ , the diagonal matrix element of the time-evolved density matrix cor-responding to the target state can be obtained from Eq. (15) as
Note Q is a diagonal matrix element of a valid density matrix ρ s (t) which ensures that it is non-negative. This concludes the derivation of the steering inequality, Eq. (3), which in turn shows that the system is steered towards the target state progressively at each steering event.
In the case of multiple detectors, the equation for the time-evolved density matrix has the form as in Eq. (16) but Q is given by (see Appendix B for derivation)
Note that Q, the change in the diagonal element of the density matrix corresponding to the target state, is proportional to the support of the density matrix on the subspace orthogonal to |Ψ s⊕ . Hence, the inequality in Eq. (3) becomes an equality when ρ s (t) has no remaining support on the subspace orthogonal to |Ψ s⊕ -in other words, ρ s (t) has reached its target form. We will quantify the distance of ρ s (t) from the target state, ρ s⊕ , via the Frobenius and trace norms, denoted as D F and D 1 respectively. The are defined as
Effective Lindblad dynamics
We now show that the time-continuum limit of the map in Eq. (2) leads to a Lindblad equation for the dynamics of the density matrix of the system. The exposition of the conceptual connection between measurementinduced quantum steering and the dynamics being described by the Lindblad equation, often associated with dissipative dynamics, is an important result of this work. The Lindblad equation is a master equation for the den-sity matrix of the form
where H s is the intrinsic Hamiltonian of the system and the L i s are the quantum jump operators. They are fixed in our derivation by the form of the system-detector coupling Hamiltonian. As in Sec. III A, we sketch the derivation with a single detector and state the result for multiple detectors. To proceed with the derivation we again partition the composite Hilbert space and represent ρ d ⊗ ρ s (t) as in (12) . The general system-detector coupling Hamiltonian can be represented by a matrix of the form
Expanding the map in Eq.
(2) to second order in δt one obtains
Taking the limit δt → 0 withŨ = U √ δt while requiring ||V || ∼ O(1) and ||Ũ || ∼ O(1) [32] , one obtains a timecontinuum equation of motion
Comparing with Eq. (19) , it is trivial to see that the equation of motion for ρ s is indeed of the Lindblad form with the jump operator given byŨ . The general Hamiltonian in Eq. (20) reduces to the specific one in Eq. (7) with the choice of operators V = V = 0. Hence the effective Lindblad equation which describes the dynamics of the steering protocol in the time-continuum limit consists only of the jump operators. In the case of multiple detectors, the Lindblad equation obtained has multiple jump operators 
The steady state manifold of the dynamics is then given by the manifold of states corresponding to zero eigenvalues of L . Hence the uniqueness of the steady state can be determined by studying the degeneracy of the zero eigenvalues. Moreover, the gap in the spectrum of L between the zero eigenvalue and the rest of the eigenvalues, {v},defined as ∆ = min v =0 {|Re[v]|} determines the nature of the approach to the steady state. For a finite ∆ in the thermodynamic limit, the system approaches the steady state exponentially fast in time with a rate ∆.
In some of the examples we study, the Lindblad equation that arises has a special form. Specifically, if there exists a choice of basis {|α } such that all the jump operators are of the form √ γ αβ |α β|, then the matrix elements of the density matrix in the same basis follow a master equation given by
which directly implies that the off-diagonal elements of the density matrix decay exponentially in time. Moreover, the equations for the diagonal elements do not involve the off-diagonal elements and hence follow a classical master equation.
C. Steering a pair of spins-1/2
We next illustrate these ideas using a two-spin problem. Consider a pair of spins-1/2, acted on by the set of Pauli matrices, {σ µ 1 } and {σ µ 2 }, which we would like to steer to the singlet state |S 0 = (|↑↓ − |↓↑ )/ √ 2. The Hilbert space of two spins-1/2 is four-dimensional with the subspace orthogonal to |S 0 spanned by the three triplet states, |T + = |↑↑ , |T − = |↓↓ , and |T 0 = (|↑↓ + |↓↑ )/ √ 2. Hence, the simplest steering protocol uses three detector qubits, each for steering the state out of one of the triplet states onto the singlet state. At the start of every steering event, each of the detector qubits is prepared in a pure state fully polarised along the positive z-axis such that
where {σ µ di } denotes the set of Pauli matrices for the i th detector. For this choice of ρ d , the system-detector coupling Hamiltonian motivated from the form in Eq. (7) can be written as with
Note from the above equations that U i U † j = 0 for i = j as each of the triplet states are orthogonal to each other and also to the target singlet state, and hence the conditions asserted for the system operators in Sec. II C are satisfied. Results for the evolution of the two-spin system with the above steering protocol are shown in Fig. 1 . All the elements of density matrix in the basis spanned by the singlet and the three triplet states decay to zero exponentially in time except for the diagonal element corresponding to the singlet, which approaches unity. This shows that the system is indeed steered to the singlet state exponentially in time.
Turning to the effective Lindblad dynamics corresponding to the protocol, the three jump operators of the Lindblad equation can be read off from Eq. (27) as
The spectrum of the so-obtained Lindbladian superoperator, L , is shown in Fig. 1(c) . The zero eigenvalue is non-degenerate implying that the singlet state is the unique steady state of the dynamics.
Moreover, the distance of ρ s (t) from the singlet state obtained from the exact dynamics and measured via the Frobenius or the trace norm (Eq. (18)) decays exponentially in time with a rate given by ∆ × δt which is in excellent agreement to the numerically obtained gap in the spectrum of the Lindbladian between the zero eigenvalue and the rest of the eigenvalues. This shows that the effective Lindblad equation is a valid description of the dynamics.
Note further that the form of the jump operators in Eq. (28) leads the equation of the density matrix elements in the basis spanned by the singlet and the triplets to be of the form in Eq. (25) . This explains the exponential decay of the off-diagonal elements. Additionally, the master equation for the diagonal elements possesses only the loss term for the triplet states and only the gain terms for the singlet, resulting the exponential decay and growth of the former and latter respectively.
Before concluding the section, it is worth mentioning that a protocol for steering a pair of spins-1/2 to the singlet using only a single detector qubit can also be envisaged. Such a protocol involves steering the system out of any one of the triplet states onto the singlet state while also acting on it with an intrinsic Hamiltonian which has matrix elements connecting the other two triplet states to the first one. Consequently, the Hamiltonian unitarily rotates the states within the triplet sector and weight from the triplet sector keeps leaking into the singlet, eventually leading to the pure singlet state as the steady state. For details, see Appendix C.
IV. SPIN-1 CHAIN
Let us now discuss the steering of a quantum manybody system, namely that of the spin-1 chain to the AKLT ground state. The AKLT Hamiltonian is
whereŜ denotes spin-1 operators at site and the site = N + 1 is identified with = 1 to impose periodic boundary conditions.
It is useful to set up the notation for the rest of the section here. The projectors onto the three eigenstates ofŜ z (with eigenvalues ±1 and 0 respectively), P ± and P 0 , are given by
The total spin on a bond between the sites and + 1 will be denoted by S tot ( , +1) = S + S +1 . In what follows, it will be often convenient to use the simultaneous eigenstates of Ŝ tot ( , +1) 2 and Ŝ tot,z ( , +1) , denoted as |S tot , S tot,z ( , +1) where S tot takes values 0, 1, and 2, and S tot,z takes all integer values in the range −S tot ≤ S tot,z ≤ S tot . Additionally, we denote the AKLT ground state as |Ψ AKLT and the corresponding density matrix as ρ AKLT = |Ψ AKLT Ψ AKLT |.
The AKLT Hamiltonian with periodic boundaries has a unique valence-bond ground state which is most easily understood by noting that H AKLT can be expressed as a sum of local projectors
where P ( , +1)
S tot =2 is a projector onto the five-dimensional S tot = 2 subspace for the pair of spins-1 at sites and + 1. The form of H AKLT in Eq. (31) implies that the ground state has the special property that each bond has zero weight in the S tot = 2 sector. Hence, it is natural to imagine that a spin-1 chain can be steered to the AKLT ground state by locally steering each bond out of the S tot = 2 sector. Moreover, since the S tot = 2 sector of each bond is finite-dimensional, such a steering protocol would satisfy our physically motivated constraints: locality and only an extensive number of detectors.
In Sec. IV A we discuss the basic building block of the steering protocol, namely steering a pair of spins-1 out of the S tot = 2 sector. In Sec. IV B we use this building block to steer a spin-1 chain to the AKLT state.
A. A pair of spins-1
Consider steering on the bond between a pair of spins-1 labelled as and + 1. The S tot ( , +1) = 2 subspace is five-dimensional and hence the simplest protocol involves five detector qubits, one to steer out of each of the S tot ( , +1) = 2 states. Note that we only wish to steer out of the S tot ( , +1) = 2 subspace and there are no restrictions on what precise state(s) in the S tot ( , +1) = 1 and S tot ( , +1) = 0 subspaces we steer onto. This offers a lot of freedom in choosing the steering protocol. This could be exploited to construct the simplest system-detector coupling Hamiltonian, or from a practical point of view, the one that it is easiest to implement. In the following, we choose a particular protocol which steers the state onto the S tot ( , +1) = 1 subspace keeping the sign of S tot,z ( , +1) the same.
At the start of each steering event, the detector qubits [33] are prepared in a polarised pure state
and the system-detector coupling Hamiltonian is of the form
As in Sec. III, the jump operators for the corresponding Lindblad equation in the time-continuum limit can be identified straightforwardly as
In the rest of this subsection, we only discuss the pair of spins-1 and hence drop the labels and + 1. We also refer to the density matrix of the two spins as ρ s (t). The dynamics of ρ s (t) under the steering protocol with the Fig. 2(a1)-(a4) ). This also implies that the master equations for the diagonal elements within this subspace have no loss terms and only gain terms, contrary to those in the S tot = 2 subspace, which only have loss terms. One can then immediately infer that the support of ρ s (t) on the S tot = 2 subspace decays exponentially, whereas it grows on the S tot = 1 and S tot = 0 subspace before saturating to unity. An important point to notice is for a pair of spins-1, the above dynamics does not have a unique steady state unlike the case exemplified in Sec. III C. This is due to the fact that in the case of the spins-1, the steering is not onto a particular pure state but rather onto a subspace of states, and the specific steady state of the dynamics depends on the initial condition of the system. The nonuniqueness of the steady state for the pair of spins-1 is also manifested in the corresponding Lindbladian having a degenerate zero-eigenvalue manifold. In the case of a spin-1 chain, as we will discuss in the next subsection, the uniqueness of the AKLT ground state leads to the uniqueness of the steady state reached under dynamics obtained by extending the approach described above to all the bonds of the chain.
B. Steering to the AKLT state
Let us now discuss in detail the many-body case of a chain of spins-1. The protocol for steering the system to the AKLT ground state is a scaled-up version of the protocol described in the previous subsection where each bond is steered out of the S tot = 2 subspace and as such there are 5N detector qubits at play, N being the size of the spin-1 chain. Formally, the initial state of the detectors at the start of each steering event is expressed as
and the system-detector coupling Hamiltonian is of the form (37) where U ( , +1) i is the same as in Eq. (34). Let us first argue that the protocol described by Eqs. (36) and (37) does posses the AKLT ground state at least as one of its steady states. Note that each term in the system-detector coupling Hamiltonian in Eq. (37) is of the form σ − d ⊗ |1, s 1 2, s 2 | + h.c.. Hence a state of the form ρ d ⊗ ρ AKLT is annihilated by the Hamiltonian as σ + d ρ d = 0 = |1, s 1 2, s 2 | ρ AKLT , implying that ρ AKLT is indeed a steady state of the dynamics. However, compared to the 'ideal' steering protocol described in Sec. III, a number of difficulties arise for many-body systems. The difficulties arise because the Hilbert space for a many-body system is exponentially large in system size. The protocol of Sec. III uses a separate term in H s-d to steer to the target state from each other state. Such an approach is not practical for a many-body system, where one requires a limit of at most an extensive number of terms in H s-d . In the following we discuss these issues, and present numerical results for the AKLT chain which show successful steering in this many-body setting.
In the derivation of the strong inequality for steering in the presence of multiple detectors (see Sec. II C and Appendix B), we had required that U have overlapping spatial supports. For the system-detector couplings with Eq. (34) for the AKLT chain, it can be shown that U
In other words, the assumption made in the derivation is not satisfied by the system-detector couplings on adjacent bonds but it is satisfied by all the other pairs of couplings.
This difficulty can be removed by considering a protocol where each steering step is divided into multiple steps, in one of which only the system-detector couplings on a particular bond acts. In this case, at any time only one bond is steered. For the operators acting on the same bond, U ( , +1) i U ( , +1) † j = 0 as the different S tot = 2 states on each bond are orthogonal to each other. Hence, the inequality is satisfied in each of the steps. The evolution of the diagonal element of the system's density matrix corresponding to |Ψ s⊕ = |Ψ AKLT is then described by
where the equation corresponds to the specific case of steering the bond between sites and + 1. The sum on the right-hand side of Eq. (38) is over all the detector qubits acting only on the bond between sites and + 1.
Since U ( , +1) i U ( , +1) † j = 0, Eq. (38) follows from the derivation of Eq. (B5) (Appendix B). Note that Q ≥ 0 for all as for Q in Eq. (16) . In the time-continuum limit δt → 0, the set of equations in (38) for all give
which shows that steering towards to the AKLT chain is monotonic in the time-continuum limit. We next note that in a many-body system like the AKLT chain, Q = 0 does not necessarily ensure that the system is in the target state. As an illustration, consider an initial pure state that has excitations on multiple bonds. A single steering step of the type we have described removes one excitation without generating overlap with the target state, and so Q = 0 for this step. So while the state changes, its overlap with the AKLT state does not. One thus needs to show that the target state is the unique steady state of the dynamics. As any state of the spin-1 chain which is not the AKLT state will have some overlap on the S tot = 2 sector on one or more bond, the form of the operators in Eq. (34) ensures that such a state is not a stationary state.
To demonstrate that the AKLT state is indeed the unique state and also to show the validity of results away from the time-continuum limit, we simulate numerically the dynamics of a spin-1 chain starting from a random mixed state subjected to the steering protocol with all the bonds steered simultaneously. We calculate two quantities: (i) the reduced density matrix of a pair of adjacent spins-1 which we denote as ρ (2) s , and (ii) the distance of ρ s (t) from ρ AKLT as a function of time, measured via D 1 and D F .
The results are shown in Fig. 3 . The evolution of ρ
shows that each bond is indeed steered out of the S tot = 2 subspace. However, a drastic difference between the dynamics of ρ
(2) s and that of a single pair of spins-1 is that the former has a unique steady state which is diagonal in the |S tot , S tot,z basis with 1, s 1 |ρ (2) s (t → ∞)|1, s 1 = 2/9 and 0, 0|ρ (2) s (t → ∞)|0, 0 = 1/3. This highlights the collective effect of the many-body yet local steering protocol, as each of the system-detector couplings are such that they keep the off-diagonal elements within the S tot = 1 and 0 subspace invariant. Moreover, note from the terms in Eq. (34) that they do not change the diagonal element corresponding S tot = 0. On the other hand, in the many-body case, the matrix element of ρ (2) s on a particular bond goes to its steady state value of 1/3 purely due to the interplay of the steering on the bond with that on the other bonds, further highlighting the collective effects of the many-body steering protocol.
The fact that ρ (2) s approaches a diagonal form in the |S tot , S tot,z basis with the diagonal elements taking the above mentioned specific values is crucial because ρ z . For n = 2, it directly implies that ρ (2) s is diagonal in the |S tot , S tot,z basis. Moreover, it has been shown that the four non-zero eigenvalues are (1 + 3(−3) −n )/4 and (1 − (−3) −n )/4 with a threefold degeneracy [34] which for n = 2 are 1/3 and 2/9 respectively. Since every bond of the spin-1 chain is steered to a state that corresponds to the AKLT ground state of the entire chain, it is natural that the many-body state ρ s (t) is also steered to ρ AKLT . This confirmed by the exponential decay of the distances, D F and D 1 between ρ s (t) and ρ AKLT with time as shown in Fig. 3(c) .
So far we have argued that ρ AKLT is a steady state of the steering protocol and have shown numerically that an arbitrary initial state of a finite spin-1 chain evolved with the steering protocol approaches the AKLT ground state exponentially fast in time. The natural question to ask then is what happens to the steering protocol in the N → ∞ limit, with regard to both the uniqueness of the steady state and the time-scale for steering to it. We find it most convenient to answer these questions in terms of the Lindbladian corresponding to the steering protocol. Following the discussion in Sec. III B, the jump operators, of which there 5 × N , can be immediately identified as √ δt. For convenience, we will set J √ δt = 1 in the following. As discussed in Sec. III B, the uniqueness of the steady state manifests itself in the non-degeneracy of the zero eigenvalue of L . The rate of the approach to the steady state is given by the gap ∆ of the rest of the spectrum from the zero eigenvalue. Hence, it is instructive to study the scaling of ∆ with N .
By exactly diagonalising L for finite sizes we find that the zero energy eigenvalue is indeed non-degenerate and the unique steady state corresponding to it is identical to ρ AKLT . The dimension of L is 3 2N , which restricts calculations to N ≤ 8. In order to extract ∆ for slightly larger sizes, N ≤ 10, we solve for the dynamics of the Lindblad equation using the wave-function Monte Carlo method which involves evolving pure states with stochastic quantum jumps and then averaging over the so-obtained trajectories [35, 36] . With this method, we find again that the spin-1 chain approaches the AKLT ground state exponentially fast in time and hence the rate ∆ can be extracted, see Fig. 4(a) . The ∆ obtained from the dynamics for smaller system sizes agrees very well with the one obtained from diagonalising L , see Fig. 4(b) . The two methods together allow us to study the scaling of ∆ with N and from the scaling shown in Fig. 4(b) , we conclude
Hence the gap in the the spectrum of L or equivalently the time-scale required to steer the spin-1 chain to the AKLT state stays finite in the thermodynamic limit. Combining all the results presented in this section, we conclude that the map of Eq. (2), with the detectors' initial states and the system-detector coupling described by Eqs. (36) and (37) respectively, constitutes a protocol for steering a many-body system to a strongly correlated state, in this case a spin-1 chain to the AKLT ground state. The protocol satisfies the constraints of having an extensive number of detector qubits coupled only locally to the system and of having a steering time-scale that does not diverge in the thermodynamic limit.
V. DISCUSSION
In this work we have developed a general protocol that uses entanglement to induce steering of a quantum system to a target state. We have shown how our protocol can be applied both to steer systems with a few degrees of freedom and to prepare strongly correlated states in many-body systems. The form of steering that we study here is rooted in but distinct from steering of the type discussed originally in the context of the EPR paradox [1, 2] . Specifically, our protocol shares with earlier discussions of quantum steering the fact that it exploits the entanglement between the system of interest and another system. Crucially, however, it differs in offering a general framework to steer a quantum system into a specific and pre-designated state.
It is evident that the technology is available to implement the ideas we have outlined, with several obvious candidate experimental platforms. One of those relies on superconducting transmon qubits, which may be dispersively coupled to a waveguide cavity. Existing implementations of weak measurement back-action on such a systems have three major differences from our steering protocol. First, the sequence of weak measurements in the experiments amounts to a strong measurement, which projects the initial state onto a final state with probabilistic outcomes. Second, the experiments make use of post-selected readouts. Third, the specifics of the experiment rely on knowledge of the system's initial state. A further experiment [37] focusses on the study of a threelevel system, where the evolution of a two-level subsystem is conditioned on the system not being in the third level. This can be represented using modified Lindblad dynamics leading to non-Hermitian Hamiltonian dynamics. Alternatively, the dynamics can be described in terms of a set of null weak measurements with post-selected readout sequence [38, 39] . Either picture differs substantially from our protocol. However, adjusting these protocols to our paradigm of steering should be rather straightforward. Another possible direction could involve the use of state-of-the-art fluxonium qubits which offer coherence times comparable to more common transmon qubits, with increased anharmonicity, reduced cross-talk, and design flexibility. Such devices could be implemented to construct our system and detector qubits [40] [41] [42] [43] . Finally, one could adopt these ideas to the field of quantum optics [44] .
There is a wide range of possible future directions and open questions arising from the work presented here, and we close by outlining some of these. While the protocol we have described is arguably the simplest version, it is also quite robust in the sense that the probability of reaching the target state is unity irrespective of the initial state of the system. One can also envisage a wide variety of generalisations, in which instead of simply decoupling the detector qubits from the system of interest at the end of each steering step, a projective measurement is made of the final detector states. In this broader context, the protocol we have described corresponds to the special case of blind measurements in which an unbiased average is made over all such measurement outcomes. A natural direction is to ask whether making use of the measurement outcomes can allow optimisation of the protocol. More precisely, the initial state of the detector, the system-detector coupling, and the duration of the coupling at each step can be made to depend on the measurement outcome of the previous step or on an extended history of the measurement outcomes. Active error correction could be viewed as an example of a broader class of protocols involving such decision making. Generalised protocols of this type are manifestly not Markovian and hence are not describable in terms of a Lindblad equation with time-independent jump operators.
There are many possible motivations for such generalisations. One would be to optimise the time-scale over which the system reaches a pre-defined vicinity of the target state. Another would be to maximise the purity of the quantum state of the system throughout the protocol. This would become particularly important if one extends the objective of the steering protocol from preparation of a target state to manipulation of a state using a sequence of weak measurements [45] .
Another set of open questions concerns the robustness of the protocol to deformations of the initial states of the detector qubits or of the system-detector couplings. These questions call for a detailed and comprehensive study of the consequences of errors in steering protocols and possible ways of correcting them, which we leave for a future work. Specifically, one could ask under these conditions whether the system has a steady state, and if so how its distance from the target state scales with the strength and probability of errors in the steering protocol. Furthermore, one might look for specific error correction protocols akin to a stabiliser formalism [46] , but within the setting of a steering protocol.
It is reasonable to anticipate that a finite gap in the spectrum of the Linbladian in the thermodynamic limit (as we find in our study of the AKLT state) will ensure that the steady state is robust to small random errors in the steering protocol that are local in space and time. Robustness of the protocol to time-independent deformations is a separate issue. A specific instance concerns the interplay of a system Hamiltonian (which we have so far omitted) with the system-detector coupling Hamiltonian. This would amount to having a non-zero V in Eq. (22) . It is clear that if the Lindbladian in the absence of the system Hamiltonian shares an invariant subspace with the system Hamiltonian, the steering protocol is robust to the latter. However, if that is not the case, the apparent tension between the system Hamiltonian and the system-detector coupling Hamiltonians could lead to a new steady state which deviates continuously with the strength of the system Hamiltonian from the original dark state. Alternatively, in the many-body case there could be a dynamical phase transition in the nature of the steady state.
In fact, measurements on an otherwise random unitary circuit have been shown to induce an entanglement phase transition in the steady state as a function of the density or strengths of measurements [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] . Most of these works use local projective measurements or generic positive operator-valued measurements which manifestly decrease the entanglement. However, our work shows that measurement protocols can be constructive in the sense that they can be designed so that steady state is a strongly correlated state. Thus a natural question arises as to the extent to which measurement protocols and their interplay with system Hamiltonians can be classified in terms of entanglement properties of the resulting steady states.
In the context of open quantum systems, the creation of non-trivially correlated or topological manybody states has been proposed using so called drive-anddissipation schemes [16] [17] [18] [19] [20] [21] [22] 57] . In such schemes the system is driven or excited using a time-dependent Hamiltonian while a dissipative channel, often a Markovian environment, working simultaneously relaxes the system. This interplay of drive and dissipation is then used to engineer non-trivial states. From a theoretical point of view, the Markovian nature of the environment naturally lends itself to its treatment via the Lindblad equation and hence the formal connection to our measurement protocol in the time-continuum limit alluded to previously. In fact, the jump operators postulated in Ref. [17] in the context of the AKLT chain also bear formal similarities with those derived in our case from the measurement protocol.
In contrast to the drive-and-dissipation protocols, our measurement-based protocol does not require a system Hamiltonian to excite the system. Moreover, unlike an environment which is to a large extent uncontrolled, the detectors which play the role of the dissipative channel are well-controlled simple quantum systems that can be tuned in time. As on-demand jump operators, they act as a useful way of quantum manipulation and control. Moreover, as outlined above, using the measurement outcomes for active decision making, or having a measurement protocol which varies with time and has a memory kernel, takes us to realms that seemingly cannot be addressed by drive-and-dissipation techniques. An intriguing future direction would be to study measurement protocols for which the emergent Lindbladian has a dark space spanned by several dark states. An example is provided by the AKLT state in an open chain, for which this space is four dimensional. In such a scenario one can envision a closed adiabatic trajectory (in the protocol parameter space) that could be used to induce a unitary transformation in the dark space. This could be harnessed to induce adiabatic rotations in a degenerate many-body space, and may even give rise to a many-body non-Abelian geometric phase [58, 59] . Similarly, the presence of multiple stationary states of Lindbladians has been used theoretically to realise dissipative time-crystals [60] [61] [62] [63] , and these could in principle also be generated via a measurement protocol.
In this appendix, we present some detail of the derivation of the steering inequality in the presence of multiple detectors. Partitioning the composite Hilbert space of the system and the detectors into ρ d ⊗ H s and (D d ) ⊗ H s as in Sec. III A, the system-detector coupling Hamiltonian of Eq. (7) can be expressed as 
where the labels {O (n) d |Φ d } on the rows and columns of the matrix denote the positions of non-zero entries, U n and U † n . The entry labelled by n corresponds to the coupling of the system with the n th detector. With this notation, the operator W = exp (−iH s-d δt) takes the form
where
Using the form of the operator W from Eq. (B1) in the map described by Eqs. (1) and (2), we obtain the time-evolved density matrix of the system as (−iδt) 2k+1 (iδt) 2l+1 (2k + 1)!(2l + 1)! n U n X k ρ s (t)X l U † n .
The quantity of interest is Ψ s⊕ |ρ s (t)|Ψ s⊕ , which can be obtained from Eq. (B4) under the condition that either U which is the same as equation as Eq. (16) with Q given by Eq. (17) . This concludes our derivation of the steering inequality for the case of multiple detectors.
Appendix C: Shake-and-steer protocol
In all the previously discussed cases, the number of system-detector couplings used locally is equal to the dimension of the subspace orthogonal to the target state. The shake-and-steer protocol permits steering with just one system-detector coupling. An additional Hamiltonian acting on the system unitarily rotates the state of the system within the orthogonal subspace. Thus the weight from the orthogonal subspace keeps leaking into the target state via one channel corresponding to the system-detector coupling, while the weight from the rest of the orthogonal subspace is shaken into the dissipative channel via the system Hamiltonian. Let us illustrate the protocol using the steering of two spins-1/2 to the singlet state, similar to the one in Sec. III C.
Out of the three system-detector couplings used there, Eq. (28), let us consider only one of them, such that
The above coupling steers the state of the system to the singlet only from the |T 0 state and leaves the |T ± subspace untouched. However, the state can be shaken out of the |T ± subspace onto the |T 0 via a system-Hamiltonian of the form H s = θ 1 · σ 1 + θ 2 · σ 2 , (C2) where θ 1/2 can be arbitrary vectors [64] .
The time evolution map of the density matrix of the system can be written explicitly as 
with H s-d and H s given by Eqs. (C1) and (C2) respectively. Simulating the protocol described above again shows steering to pure singlet state: see Fig. 6 (a). The Lindblad equation describing the dynamics in the timecontinuum limit now also has a unitary part in addition to the dissipative part. The spectrum of the corresponding Lindbladian has a unique zero eigenvalue: see Fig. 6 (b). Such protocols can be easily generalised to the case of the AKLT state. For a pair of spins-1, a single systemdetector coupling steers weight out of one of the S tot = 2 states and a Hamiltonian rotates the system within the S tot = 2 subspace in a sufficiently general fashion.
